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Based on the recently proposed SUSY quantum Hall effect, we show that Laughlin and Moore-
Read states are related by a hidden SUSY transformation. Regarding the SUSY Laughlin wave-
function as a master wavefunction, Laughlin and Moore-Read states appear as two extreme limits
of component wavefunctions. Realizations of topological excitations on Laughlin and Moore-Read
states are also discussed in the SUSY formalism. We develop a streographically projected for-
mulation of the SUSY quantum Hall effect. With appropriate interpretation of Grassmann odd
coordinates, we illustrate striking analogies between SUSY quantum Hall effect and superfluidity.
Quantum Hall effects (QHE) have been experimen-
tally confirmed at odd-denominator fillings and even-
denominator fillings in monolayer and bilayer systems
[1, 2, 3, 4]. In monolayer QHE at odd denominator filling,
Laughlin wavefunction [5] well describes the groundstate.
For other filling QHE, several “deformed” Laughlin wave-
functions have been proposed as groundstates. Halperin
wavefunction is a two-component extension of the Laugh-
lin wavefunction and is introduced to formulate two-spin
or bilayer QH liquids [6]. Especially, Halperin 331 state
is believed to describe the bilayer QH liquid at ν = 1/2.
Moore-Read state [7, 8] and Haldane-Rezayi state [9]
are proposed as groundstate for even-denominator fill-
ing monolayer QH state. The numerical calculation [10]
and the recent experiment [11] suggest that Moore-Read
state is a probable groundstate at ν = 5/2. Moore-Read
and Haldane-Rezayi states are constructed by multiply-
ing the pfaffian and the permanent factors to Laughlin
and Halperin 331 states, respectively.
Based on the composite boson [12, 13] and composite
fermion [14] picture, one may find close analogies be-
tween QHE and superfluidity. Laughlin state is regarded
as “condensation” of composite bosons, analogous to 4He
superfluidity. Haldane-Rezayi state describes condensa-
tion of d-wave pairing states of composite fermions. Both
Moore-Read and Halperin 331 states represent conden-
sation of p-wave pairings of composite fermions. Besides,
intriguingly, Moore-Read and Halperin 331 states are
simply related by a continuous rotation of the pairing
vector, and their symmetries correspond to those of the
superfluid 3He − A1 and 3He − A phases, respectively
[15]. The symmetry and superfluid analogy arguments
have discovered close relations between such “different”
QH liquids.
In this paper, we discuss a hidden SUSY relation be-
tween Laughlin and Moore-Read states. We use a set-up
of the SUSY QHE [16, 17], which was recently proposed
as a SUSY extension of the Haldane’s spherical QHE [18].
The SUSY QHE contains non-anticommutative geometry
as its mathematical background [19] and its low energy
sector is described by a particular SUSY Chern-Simons
field theory [20]. Though the SUSY QHE may not have
apparent relevance to real QHE, the SUSY QHE pro-
vides an interesting unified formulation of Laughlin and
Moore-Read states. Further, with appropriate interpre-
tation of the Grassmann odd coordinates, like other QH
liquids, we show the SUSY QH liquid may be understood
as an exotic superfluid state.
SUSY Quantum Hall Effect— The spherical SUSY
QHE is constructed on a supersphere in a supermonopole
background [16]. The supersphere S2|2 = OSp(1|2)/U(1)
is a supermanifold whose coordinates satisfy the con-
straint x2a + Cαβθαθβ = R
2, where xa(a = 1, 2, 3) and
θα(α = 1, 2) are Grassmann even and odd coordinates,
respectively, and Cαβ is a charge conjugation antisym-
metric matrix with C12 = 1. The one-particle Hamilto-
nian is given by H = 12MR2 (Λ
2
a+CαβΛαΛβ), where Λa =
−iǫabcxbDc + 12θα(σa)αβDβ and Λα = 12 (Cσa)αβxaDβ −
1
2θβ(σa)βαDa denote the covariant angular momenta.
The covariant derivatives, Da = ∂a − iAa and Dα =
∂α− iAα, satisfy the algebras, [Da, Db] = i I2R3 ǫabcxc(1+
3
2R2Cαβθαθβ), [Da, Dα] =
I
2R3 (δab − 3R2 xaxb)(σbC)αβθβ
and {Dα, Dβ} = IR3 xa(σaC)αβ(1 + 32R2Cγδθγθδ). The
energy eigenvalues are given by En =
1
2MR2 [n(n +
1
2 ) +
(n + 14 )I], where I/2 indicates the half-integer charge
of the supermonopole and n is an integer to specify
Landau level. The degeneracy in n-th Landau level
is given by Dn = 4n + 2I + 1. Especially, the de-
generacy in the lowest Landau level (LLL) is 2I + 1,
and the degenerate wavefunctions are given by super-
monopole harmonics which are constructed by the prod-
ucts of the components of the super Hopf spinor ψ =
(u, v, η)t = (
√
1+x3
2 (1 − 14(1+x3)Cαβθαθβ), x1+ix2√2(1+x3) (1 +
1
4(1+x3)
Cαβθαθβ),
√
1+x3
2 θ1 +
x1+ix2√
2(1+x3)
θ2)
t as
uI−pvp, uI−q−1vqη,
with 0 ≤ p ≤ I, 0 ≤ q ≤ I − 1. Their eigenvalues of
L3 are given by
I
2 − p and I2 − q − 12 , respectively. The
spherical SUSY Laughlin wavefunction is derived as
Ψ =
N∏
i<j
(uivj − viuj − ηiηj)m,
2and it is invariant under the OSp(1|2) transforma-
tion generated by La = ψ
tla
∂
∂ψ and Lα = ψ
tlα
∂
∂ψ .
Here, la and lα are given by la =
1
2
(
σa 0
0 0
)
, lα =
1
2
(
0 τα
−(Cτα)t 0
)
, where τ1 = (1, 0)
t and τ2 = (0, 1)
t.
Since the original Laughlin wavefunction takes the form
[18]
Φ =
∏
i<j
(uivj − viuj)m,
the only difference between Ψ and Φ is the ηη term [21].
As the SUSY system generally contains both bosonic and
fermionic states, the SUSY QHE at ν = 1/m is doubly
degenerate compared to the original “bosonic” QHE at
ν = 1/m [16, 17].
Here, we introduce interesting correspondences be-
tween the SUSY QHE and a projected original QHE
which we call the “vector” QHE. We focus on the orig-
inal Haldane’s system subject to even Landau levels in
the background of Dirac monopole with integer charge.
In such projected Haldane’s system, the energy eigenval-
ues are given by ǫ2n = 4 × 12MR2 (n(n + 12 ) + I(n + 14 )),
which are exactly equivalent to the energy spectra for
the above SUSY Landau problem up to the proportional
factor 4. Besides, the degeneracy in 2n-th Landau level
is given by d2n = 4n + 2I + 1, which is again equal to
the degeneracy of n-th SUSY Landau level. Thus, the
original Landau problem subject to even Landau levels
with integer monopole charge has quantitative correspon-
dence to the SUSY Landau problem. The degeneracy of
the present LLL is d0 = 2I+1, and the degenerate eigen-
states are given by the vector monopole harmonics
U I−pV p, U I−q−1V qW,
where 0 ≤ p ≤ I, 0 ≤ q ≤ I − 1, and (U,W, V ) =
(u2,
√
2uv, v2) denotes the SO(3) Hopf vector. The eigen-
values of L3 for the above vector monopole harmonics are,
respectively, given by I − 2p and I − 2q − 1. One may
find apparent analogies between the vector monopole har-
monics and the super monopole harmonics on the corre-
spondence between the Hopf vector (U, V,W ) and the
SUSY Hopf spinor (u, v, η). Since SO(3) singlet is made
as the symmetric combination of two vectors, the “vec-
tor” Laughlin wavefunction is constructed as
Φv =
∏
i<j
(UiVj + ViUj −WiWj)m =
∏
i<j
(uivj − uivj)2m.
Again, there is a formal resemblance between Ψ and Φv
by the correspondence between (U, V,W ) and (u, v, η).
The vector Laughlin wavefunction is simply equal to the
original Laughlin wavefunction at the even denominator
filling ν = 1/2m, which contains double states compared
to the original system at ν = 1/m. This may reminds the
doubly degenerate feature of SUSY system. Thus, at the
many-body wavefunction level, the vector QHE possesses
several qualitative analogies to the SUSY QHE.
Expansion of SUSY Laughlin State.— We expand the
SUSY Laughlin wavefunction in terms of the Grassmann
odd quantities as in the superfield formalism. With the
composite quantity
Q =
∑
i<j
ηiηj
uivj − viuj ,
which we call the pairing operator, the SUSY Laughlin
wavefunction is simply rewritten as
Ψ = e−mQ · Φ =
N/2∑
k=0
(−m)kΨk.
In the last equation, we expanded the exponential in
terms of Q, and the component wavefunctions Ψk (k =
1, 2, · · · , N/2) are given by
Ψk =
1
k!
Qk · Φ.
Explicitly, they are
Ψ0 = Φ,
Ψ1 =
∑
i<j
ηiηj
1
φij
· Φ,
Ψ2 =
∑
i<j<k<l
ηiηjηkηl
1
φijkl
· Φ,
...
ΨN/2 = η1η2 · · · ηN · Pf(
1
φij
) Φ,
where 1φij ≡ 1uivj−viuj , 1φijkl ≡ 1φijφkl − 1φikφjl +
1
φilφjk
. In the expression of ΨN/2, we used the formula
ηi1ηi2 · · · ηiN = ǫi1i2···iN η1η2 · · · ηN . It is noted that the
original Laughlin wavefunction appears as the 1st com-
ponent wavefunction Ψ0, and, remarkably, Moore-Read
state appears as the last component wavefunction ΨN/2.
This expansion suggests that Laughlin and Moore-Read
states are related by a SUSY transformation. To clarify
the direct SUSY relation between Laughlin and Moore-
Read states, it is important to explore the properties
of the pairing operator. While Q is a SU(2)-singlet
quantity, it is not invariant under the Grassmann odd
transformation generated by Lα. However, as is easily
checked, Q returns to itself under the two successive op-
erations of Lα,
CαβLαLβQ =
1
2
Q− 1
4
N(N − 1).
Besides, since the SUSY Laughlin wavefunction Ψ =
e−mQΦ is invariant under the OSp(1|2) transforma-
tion, Φ and Q satisfy the relation CαβLαLβ lnΦ =
3mCαβLαLβQ. These relations suggest that Q is gener-
ated by the two successive SUSY transformations from
Φ,
Q =
2
m
CαβLαLβ lnΦ +
N(N − 1)
2
.
With this relation, every component wavefunction can
be represented by the SUSY transformation of the orig-
inal Laughlin wavefunction. For instance, the 2nd
component wavefunction is expressed as Ψ1 = QΦ =
2
mCαβLαLβΦ − 2mCαβ(Lα lnΦ)(Lβ lnΦ)Φ + N(N−1)2 Φ.
Repeating such SUSY transformationN/2 times, Moore-
Read state ΨN/2 is finally constructed from the Laughlin
wavefunction Φ as
ΨN/2 =
1
(N/2)!
Q
N
2 Φ
=
1
(N/2)!
(
2
m
)N
2
(CαβLαLβ)
N
2 Φ+ (non-linear terms).
Thus, Laughlin and Moore-Read states are related by the
nonlinear SUSY transformation generated by Lα.
Topological Excitations— The quasi-hole excitation at
the point (Ωa,Ωα) = (2χ
‡laχ, 2χ‡lαχ) with χ = (a, b, ξ)t
and χ‡ = (a∗, b∗,−ξ∗) on the supersphere is generated
by the operator A‡ =∏iA‡i , where A‡i = avi − bui− ξηi
[16]. It is apparent, without ξη term, A‡i is reduced
to A†i = avi − bui, which is the quasi-hole operator on
the original Laughlin state. The fundamental excitation
on the Moore-Read state is called the halberon, which
carries half of the electric charge of a naively expected
quasi-particle excitation [8]. The halberon pair wave-
function is given by Pf
(
A†
i
A′j
†+A†
j
A′i
†
φij
)
·Φ. In the SUSY
formalism, the halberon pair operator is constructed as
A‡h.b. =
∏
i<j exp
(
m
ηiηj
ψij
(1 − A‡iA′‡j − A‡jA′‡i )
)
, where
ψij = uivj − viuj − ηiηj . Indeed, this operator acts the
SUSY Laughlin wavefunction as
A‡h.b.Ψ =
∏
i<j
exp
(
−mηiηj
φij
(A†iA
′†
j +A
†
jA
′†
i )
)
· Φ,
and A‡h.b.Ψ yields the halberon pair wavefunction as the
last term of its expansion.
The Stereographic Projection— By the stereographic
projection from the supersphere to the superplane, we
construct a planar SUSY QHE. The stereographic super-
coordinates (z, θ) are defined as z ≡ vu = x1+ix2R+x3 (R +
1
2(R+x3)
Cαβθαθβ) and θ ≡ ηu = θ1 + 1Rzθ2. z and θ re-
spectively indicate bosonic and fermionic complex co-
ordinates on the superplane R2|2. With use of the
stereographic super-coordinates, the super Hopf spinor
is rewritten as ψ = (u, v, η)t = 1√
R2+zz∗
(R, z, θ)t(1 −
1
2(R2+zz∗)θθ
∗), and in the thermodynamic limit R, I →∞
with B = I2R2 fixed, the supermonopole harmonics are
reduced to
uI−pvp → zp exp(−B(zz∗ + θθ∗),
uI−q−1vqη → zqθ exp(−B(zz∗ + θθ∗).
These expressions are consistent with the previously de-
rived LLL basis of the planar SUSY Landau problem
[17]. Similarly, the planar SUSY Laughlin wavefunction
is derived as
Ψ =
∏
i<j
(zi − zj + θiθj)m · exp
(
− 1
ℓ2B
∑
i
(ziz
∗
i + θiθ
∗
i )
)
,
where ℓB = R
√
2
mI . Some comments are added here.
While the spherical SUSY Laughlin wavefunction is ex-
pressed as the bilinear form about Grassmann even and
odd quantities, the planar SUSY Laughlin wavefunc-
tion is linear for the bosonic coordinate z and bilin-
ear for the fermionic coordinate θ (up to the expo-
nential term). As we shall see below, this discrep-
ancy generates magnetic translation asymmetry about
the bosonic and the fermionic directions in the planar
case. The OSp(1|2) generators La and Lα correspond to
the magnetic translation generators (X,Y,Θ1,Θ2) and
the perpendicular angular momentum L⊥ in the super-
plane case. Physically, (X,Y,Θ1,Θ2) represent the cen-
ter of mass coordinates on the superplane, and are de-
fined as (X,Y,Θ1,Θ2) = (x − iℓ2BDy, y + iℓ2BDx, θ1 +
ℓ2BDθ2, θ2+ℓ
2
BDθ1), where the covariant derivativesDx =
∂x−iAx, Dy = ∂y−iAy, Dθ1 = ∂θ1−iAθ1 andDθ2 = ∂θ2−
iAθ2 satisfy the relation [Dx, Dy] = i{Dθ1, Dθ2} = −iB.
L⊥ is given by L⊥ = LB⊥ + L
F
⊥, where L
B
⊥ = −iǫijxi ∂∂xj
and LF⊥ =
1
2θα(σ3)αβ
∂
∂θβ
. LB⊥ and L
F
⊥ represent the or-
bital and spin angular momentum operators, respectively
[17]. In the symmetric gauge, these generators are repre-
sented asX = 12 (z+z
∗+ℓ2B
∂
∂z−ℓ2B ∂∂z∗ ), Y = i 12 (−z+z∗+
ℓ2B
∂
∂z +ℓ
2
B
∂
∂z∗ ),Θ1 =
1√
2
(θ+ℓ2B
∂
∂θ∗ ),Θ2 =
1√
2
(θ∗+ℓ2B
∂
∂θ )
and L⊥ = z ∂∂z − z∗ ∂∂z∗ + 12 (θ ∂∂θ − θ∗ ∂∂θ∗ ). With these ex-
pressions, it is straightforward to prove that the planar
SUSY Laughlin wavefunction is invariant only for the
translations generated by X − iY , (X − iY )Ψ = 0, and
L⊥, L⊥Ψ = m
N(N−1)
2 Ψ. The stereographic projection
breaks the translation symmetries generated by X + iY
and all fermionic generators Θ1 and Θ2 [22]. The planar
SUSY Laughlin wavefunction is zero energy state of the
hard-core Hamiltonian
HHC =
∑
l<m
VlPl,
where l is the integer which indicates the eigenvalue of the
dimensionless super-radius operator 1
2ℓ2
B
(X2i +CαβΘαΘβ)
between arbitrary two-particles.
Replacing the pairing operator with its planar form
Q = −
∑
i<j
θiθj
zi − zj ,
4the planar SUSY Laughlin wavefunction has same ex-
pansion as of the spherical SUSY Laughlin wavefunction.
The pairing operator and the angular momentum opera-
tors satisfy the relations,
[LB⊥, Q] = −Q, [LF⊥, Q] = Q, [L⊥, Q] = 0.
The physical meaning of Q is clear in this planar form.
θ is the eigenstate of the spin operator LF⊥ with the
eigenvalue 1/2, and may be interpreted as the 1/2 spin-
up state. (Similarly, θ∗ may corresponds to the 1/2
spin-down state.) Meanwhile, 1/z represents a p-wave
boundstate, since 1/z carries the orbital angular momen-
tum −1, and is the eigenstate of the two-dimensional
Schro¨edinger equation of the delta-function type attrac-
tive potential. Then, when Q operates the Laughlin
state, the numerator θiθj attaches 1/2 up-spins to two
spin-less fermions i and j, and the denominator 1zi−zj
acts to form a p-wave pairing state of such two particles.
Since Ψ1 is constructed by multiplying Q to Φ once, Ψ1
contains one p-wave pairing state with polarized spins on
Laughlin state. Similarly, in Ψ2, Q is multiplied to Φ
twice, and two p-wave pairing states with polarized spins
are formed on the Laughlin state. Repeating this proce-
dure, we finally obtain the last component wavefuncton
ΨN/2, in which all particles form p-wave pairing states
with polarized spins [Fig.1]. This p-wave pairing super-
fluid state is indeed the Moore-Read state, and ΨN/2
even catches the polarized spin structure of Moore-Read
state. The k-th component wavefunction Ψk is an eigen-
state of both orbital angular momentum LB⊥ and spin
angular momentum LF⊥ as
LB⊥Ψk = (m
N(N − 1)
2
− k)Ψk,
LF⊥Ψk = kΨk.
These relations support the above physical interpreta-
tion of the component wavefunctions. Since the original
Laughlin state and the k p-wave pairing states have the
orbital angular momenta, mN(N−1)2 and k × (−1), re-
spectively, the total orbital angular momentum of Ψk is
given by mN(N−1)2 − k. Similarly, since there are k pairs
of polarized spins on the Laughlin state, the total spin
angular momentum of Ψk is
1
2 × 2k. Though the compo-
nent wavefunctions carry different orbital and spin angu-
lar momenta, each of them carries the identical angular
momentum, mN(N−1)2 , in total.
Analogy to Superfluidity.— The above expansion of the
SUSY Laughlin state suggests close analogies between
the superfluidity and the SUSY QHE. The BCS wave-
function has the form, |BCS>= ∏k(1 + gkc†k↑c†−k↓)|0>,
where gk is the coherence factor and c
†
kσ indicates the cre-
ation operator for electron with momentum k and spin
σ, c†kσ
2
= 0, {ckσ, c†k′σ′} = δkk′δσσ′ . BCS state can
be expressed as the superposition of the number states
of Cooper pairs [23], |BCS>= e
P
k
gkc
†
k↑
c†
−k↓ |0>= |0>
Σ   ( k , l )
( i , j )
+ + +
Σ   
i < j
( i , j )
+
FIG. 1: The graphical representation of the expansion of the
SUSY Laughlin wavefunction.
+
∑
k gkc
†
k↑c
†
−k↓|0> + · · ·+
∏
k gkc
†
k↑c
†
−k↓|0> . Comparing
the expansion formulas of BCS state and SUSY Laughlin
state, one may find striking analogies between quantities
in such two states; the vacuum |0>↔ Φ, the pairing oper-
ator c†k↑c
†
−k↓ ↔ θiθjzi−zj , and the coherence factor gk ↔ 1.
(The factor m on the SUSY Laughlin wavefunction is
simply a scaling factor, and should not be taken as the
coherence factor. ) While the BCS vacuum is the elec-
tron zero number state, the corresponding “vacuum” of
the SUSY QHE is not the 0-particle state but the original
Laughlin state. The pairing operator in SUSY Laughlin
wavefunction is interpreted as the p-wave pairing oper-
ator with adding spin-up degrees of freedom. Thus, the
SUSY Laughlin wavefunction is regarded as an exotic p-
wave pairing superfluid state on the vacuum Laughlin
state.
The SUSY Laughlin wavefunction carries two impor-
tant aspects, one of which is QH aspect and the other
is BCS aspect. When we define the fermion number
operator F =
∑
i(θi
∂
∂θi
− θ∗i ∂∂θ∗
i
), the original Laugh-
lin state is the vacuum of the fermion FΦ = 0, and is the
minimum fermion number state. Meanwhile, our Moore-
Read state ΨN/2 has the maximum fermion number as
FΨN/2 = NΨN/2. Then, the bosonic limit corresponds
to the original Laughlin state, which reflects the original
QH aspect, while the fermionic limit corresponds to the
Moore-Read state, which reflects BCS fermion pairing
aspect. The coherence factor gk in the BCS wavefunc-
tion represents the ratio of the amplitudes between the
0-particle state and the occupied state. When the co-
herence factor takes unity, the BCS state exists at the
“middle” between the 0-particle and the occupied states,
and the particle number fluctuation is maximized. As
seen above, the coherence factor in the SUSY QHE reads
as unity, which means the SUSY Laughlin wavefunc-
tion has same contributions from bosonic and fermionic
sides. This indicates that the SUSY Laughlin wavefunc-
tion possesses the supersymmetry. Thus, the existence of
the SUSY in the present QH system could be physically
“translated” in the language of the superfluidity.
Though the Laughlin and the Moore-Read states be-
long to different topological order classes, they are related
as component wavefunctions in a single SUSY Laughlin
wavefunction. The SUSY extension seems to circumvent
the conventional no-go topological order arguments. The
connections between the supersymmetrization and the
5topological order should be pursued in a future research.
Finally, we point out interesting analogies between the
SUSY QHE and the supertwistor theory. In both twistor
and spherical QHE contain the Hopf map as a crucial in-
gredience of thier constructions [24]. Further, the Grass-
mann coordinates in the supertwistor theory are also in-
terpreted as spin degrees of freedom, and the component
wavefunctions of the SUSY Laughlin wavefunction cor-
respond to the twistor functions in the supertwistor for-
malism [25]. It would be worthwhile to speculate impli-
cations of the correpondences between these two theories.
I would like to thank Masatoshi Sato and Shoucheng
Zhang for valuable suggestions and telling me Ref.[25].
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